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Abstract
Let φ :R→ C be the Cannon–Thurston map associated to the Gieseking manifold; thus φ is also
the Cannon–Thurston map associated to the complement of the figure-eight knot. There are sets
E
R
and E
C
such that φ decomposes into two maps E
R
→ E
C
and R − E
R
→ C − E
C
, where
the former is (at-least-two)-to-one, while the latter is a homeomorphism. It is known that E
R
has
Hausdorff dimension zero. Let d denote the Hausdorff dimension of E
C
. We show that E
C
is a
countable union of Jordan curves of Hausdorff dimension d , and that d = 1.35 ± 0.2. In particular,
the two-dimensional Lebesgue measure of E
C
is zero, and the Jordan curves are not rectifiable. We
also show that d is the critical exponent of a Poincaré series of a discrete semigroup of isometries of
hyperbolic three-space, and describe a computer experiment that suggests that d is near 1.2971.
 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction
Let M denote the Gieseking manifold, a complete, finite-volume, non-orientable, hyper-
bolic three-manifold. Topologically, M fibres over the circle with fibre a once-punctured
torus T and monodromy
(
0 1
1 1
)
, and M is the mapping torus of the corresponding
(orientation-reversing) automorphism of T . The complement of the figure-eight knot is
a double cover of M .
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The fibre T can be given the structure of a complete finite-area hyperbolic two-manifold,
with spine a wedge of two circles.
The fibration of M lifts to the level of universal covers, giving a fibration of hyperbolic
three-space over the real line with fibres homeomorphic to hyperbolic two-space, with
spine a tree. The boundary of hyperbolic two-space can be identified with the projective
real line R = R ∪ {∞}, which is topologically a circle. The boundary of hyperbolic
three-space can be identified with the projective complex line C = C ∪ {∞}, which is
topologically a two-sphere. Each fibre in the universal cover determines an embedding
of hyperbolic two-space in hyperbolic three-space, and each such embedding extends
continuously to the respective boundaries giving the associated Cannon–Thurston map,
a surjective π1(T )-equivariant map
φ :R→C.
We refer the reader to [1] for further details.
Cannon and Thurston [5] proved the existence of an analogous map for any closed,
finite-volume, hyperbolic three-manifold which fibres over the circle, with fibre homeo-
morphic to a hyperbolic closed surface. Minksy [8] constructed an even wider class of
surjective maps, but even his class does not contain the map φ. Recently, McMullen [7]
has constructed a class which does contain the map φ.
Let E
C
denote the exceptional image set for φ, that is, E
C
is the set of those points of
C which are images of two or more points of R. Let E
R
denote φ−1(E
C
). Thus φ induces
a bijection R−E
R
→C−E
C
, and we shall see that it is a homeomorphism.
Soma [10] showed that, for all of Minsky’s maps, the correspondingE
C
has two-dimen-
sional Lebesgue measure zero, and the corresponding E
R
has one-dimensional Lebesgue
measure zero. For Cannon–Thurston maps arising from hyperbolic once-punctured-torus
bundles, it is shown, in [4, Theorem 8.5], that the corresponding E
R
has Hausdorff
dimension zero, so has one-dimensional Lebesgue measure zero.
Let d = dimHEC, the Hausdorff dimension of EC, where C is endowed with the usual
metric.
In Section 2, we use results of [1] to show that E
C
is the union of countably many
Jordan curves in C, all of Hausdorff dimension d .
In Section 3, we use elementary arguments to show that d lies strictly between 1.15
and 1.55, so lies strictly between 1 and 2. In particular, the two-dimensional Lebesgue
measure of E
C
is zero, and the Jordan curves are not rectifiable.
In Section 4, we use results of Beardon and Maskit [2] and Bishop and Jones [3] to show
that d is the critical exponent of the Poincaré series of a discrete semigroup of isometries
of hyperbolic three-space. In Section 5, we describe a computer experiment that suggests
that d is near 1.2971.
2. The arc L
2.1. Notation. Let η denote the self-homeomorphism of C induced by complex conju-
gation. By an automorphism of C we shall mean a Möbius transformation, or a Möbius
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transformation followed by η. The group of all these automorphisms of C will be denoted
Aut(C).
If h is a Möbius transformation, and, for all z ∈C, h(z)= az+b
cz+d with ad − bc= 1, then
we shall write h=±
(
a b
c d
)
.
Let ρ = 1+i
√
3
2 , so ρ
2 − ρ + 1 = 0. Let ω = ρ2 = −1+i
√
3
2 . Let f and g be the
automorphisms of C such that, for all z ∈C,
g(z)= z
1−ωz, f (z)=−ρη(z)+ ρ.
Thus
g =±
(
1 0
−ω 1
)
, f =±
(−ω ω
0 ρ
)
· η= η · ±
(−ρ ρ
0 ω
)
.
Let 〈〈f,g〉〉 denote the semigroup generated by f and g in Aut(C). The set of ends
of 〈〈f,g〉〉, denoted E〈〈f,g〉〉, is the set of right infinite words in f and g.
Let L denote the minimal closed, non-empty subset of C closed under the action
of 〈〈f,g〉〉. By [1, Lemma 8.1], L is an embedded arc in C, as in Fig. 1. By [1, Section 8.5],
the points of L are in bijective correspondence with E〈〈f,g〉〉 modulo the equivalence
relation obtained by identifying wfg∞ and wgf∞, for each w ∈ 〈〈f,g〉〉. Also, the
Fig. 1. The arc L.
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endpoints of the arc L are associated with f∞ and g∞. Let us say that a point of L is
a cusp if each of the associated ends has a tail of the form f∞ or g∞. The set of non-cusps
of L will be denoted L′. It is obtained from L by deleting countably many points.
For complex numbers w, z, we define
distchord(w, z): = 2|w− z|√
(1+ |w|2)(1+ |z|2) ,
with the natural extensions to include ∞. Here we have a specific embedding of the two-
sphere C in Euclidean three-space, and are taking the induced metric given by the length
of the chords joining the points; see [9, Theorem 4.2.1].
This article studies the Hausdorff dimension of the arc L, or, equivalently, of L′, in
the metric space (C,distchord). To justify interest in this, we now recall the relationship
between L and the exceptional image set E
C
of φ :R→C, the Cannon–Thurston map for
the Gieseking manifold as described in [1].
2.2. Review. Let a, b, c, d and e denote the automorphisms of C given in Sections 7.2
and 7.4 of [1], so, for z ∈C,
a(z) = −1
z
, b(z)= z− 1
ρz− 1 , c(z)=
z− ρ
z− 1 ,
d(z) = 1
z
, e(z)= 1
1− ρη(z) .
It is straightforward to show that a2 = b2 = c2 = 1, where 1 denotes the identity
automorphism of C. This gives a complete set of relations between a, b, c; see [1,
Theorem 8.11].
By [1, Section 8], there is a partition of C into three Jordan regions, Ra , Rb , and Rc ,
as in Fig. 2, which provides complete information about the Cannon–Thurston map φ. It
was shown that the boundaries are given by ∂Ra = L ∪ dL, ∂Rb = dL ∪ edL ∪ dedL,
and ∂Rc = L ∪ edL ∪ dedL, and these are all Jordan curves. Also a carries the Jordan
curve ∂Ra to itself, and interchanges the two components of C− ∂Ra . It follows that Ra is
partitioned into aRb and aRc by adding a new arc a(Rb ∩Rc). Similarly Rb is partitioned
into bRa and bRc; and Rc is partitioned into cRa and cRb .
Let E〈a, b, c〉 denote the Cantor space of right-infinite reduced words in a, b, c.
For every e = w1w2w3 · · · ∈ E〈a, b, c〉, there is an infinite descending chain of Jordan
regions
Rw1 ⊃w1Rw2 ⊃w1w2Rw3 ⊃ · · · ;
by [1, Proposition 9.5], the intersection of this chain contains exactly one element of C,
denoted ze. We say that e reaches ze.
Conversely, each element z ofC will be reached by at least one element e=w1w2w3 · · ·
of E〈a, b, c〉, since we can choose w1 ∈ {a, b, c} so that z ∈ Rw1 , and then choose
w2 ∈ {a, b, c} − {w1} so that z ∈ w1Rw2 , and then choose w3 ∈ {a, b, c} − {w2} so that
z ∈ w1w2Rw3 , and so on. Moreover, e will be uniquely determined by z if and only if z
does not lie on a Jordan curve of the form u∂Rv , where u ∈ 〈a, b, c〉 and v ∈ {a, b, c}.
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Fig. 2. The partition of C.
By [1, Theorem C], the 〈a, b, c〉-equivariant map e → ze induces a homeomorphism
between a quotient space E〈a, b, c〉/≈ and C.
Let E≈ denote the set of exceptional points in C for this quotient map, that is,
the set of points of C reached by (at least) two distinct elements of E〈a, b, c〉. The
preceding argument shows that E≈ is the union of the 〈a, b, c〉-orbits of the points in
∂Ra ∪ ∂Rb ∪ ∂Rc. Thus E≈ is the (non-disjoint) union of images of L under countably
many automorphisms of C.
Moreover, the set of points ofC reached by (at least) three distinct elements of E〈a, b, c〉
is the 〈a, b, c〉-orbit of the points in ∂Ra∩∂Rb∩∂Rc , that is, ∞ and 0 = a(∞). Thus, apart
from the countably many points of the 〈a, b, c〉-orbit of ∞, all the points of E≈ are reached
by exactly two elements of E〈a, b, c〉.
Since abc(z)= z − 1 − ρ, one can show that (abc)∞ and (cba)∞ both reach ∞, so
(abc)∞ ≈ (cba)∞. This will be used later.
Since the quotient space E〈a, b, c〉/≈ is homeomorphic to C, it is Hausdorff. Thus, a
standard elementary argument shows that C − E≈ is homeomorphic to its preimage in
E〈a, b, c〉.
As noted in [1, Proposition B], one can endow R with an 〈a, b, c〉-action and obtain a
homeomorphism between a quotient space E〈a, b, c〉/∼ and R. Moreover ∼ is generated
as an equivalence relation by w(abc)∞ ∼w(cba)∞ for all w ∈ 〈a, b, c〉.
Here the set of exceptional points in R consists of a single 〈a, b, c〉-orbit, and each
exceptional point is reached by exactly two elements of E〈a, b, c〉.
It follows, from the preceding paragraphs, that ∼ is contained in ≈. Hence there is an
induced 〈a, b, c〉-equivariant map R→ C, and this is the Cannon–Thurston map φ given
in [1, Section 9.8].
The foregoing shows that the set E
C
of exceptional points of C for φ is precisely E≈,
and that φ induces a homeomorphism between R−E
R
and C−E
C
.
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The referee has provided the following viewpoint.
2.3. Remark. The break-up of C into the three Jordan regions Ra , Rb and Rc , can be
viewed as a tiling of C by three tiles. The subsequent break-up of each of these regions,
into two regions each, can be viewed as a tiling of C by six tiles. And so on. In this way we
get a sequence of finer and finer tilings of C. This sequence of tilings is ‘transverse’ to the
Cannon–Thurston map φ in the sense that, for each tiling, the Peano curve fills in the tiles
in some cyclic order; see [1, Fig. 17]. For each tile, each point on its boundary, apart from
the entry and exit points, clearly occurs (at least) twice on the Peano curve, so lies in E
C
.
2.4. Proposition. In the metric space (C,distchord),
dimH EC = dimHL= dimHL′.
Proof. In Review 2.2, we saw that E
C
= E≈ is the union of the images of L under
countably many automorphisms of C. Since the action of any automorphism of C is bi-
Lipschitz on (C,distchord), we see that each of the arcs involved has Hausdorff dimension
dimHL, and hence so does EC. ✷
3. Estimates via contractions
In this section we will show that 1.15< dimHL< 1.55.
3.1. Notation. Recall that f 2(z) = z + ω. Let M : = f 2L, and M ′: = f 2L′. Since f 2 is
bi-Lipschitz on (C,distchord),
dimH M = dimHL= dimHL′ = dimHM ′,
and it is dimHM ′ for which we will obtain estimates in this section.
Define a(z)=− 1
z
, and, for each n 2, let hn = f na. Thus a =±
(
0 −1
1 0
)
, and, for each
m 1,
h2m =±
(
mω −1
1 0
)
, h2m+1 = η · ±
(
m+ ρ ρ
ω 0
)
.
We have a2 = 1, af 2a = g, and, by [1, Lemma 8.1], aL= L, and
L= gL ∪ fL= af 2L ∪ fL.
It follows that M = f 2aM ∪ fM , so M = ⋃n2 hnM ∪ {∞}. Moreover, M ′ =⋃
n2 hnM
′
, and this union is disjoint, and there is a bijective correspondence between
M ′ and the set of ends of the free semigroup on the hn, denoted
E 〈〈hn | n 2〉〉.
LetW denote the region bounded by the arcsω+ω[0,∞],ω+ρ[0,1], and ρ+ω[1,∞].
The action of the hn on W is depicted in Fig. 3.
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Fig. 3. Aspects of the action of the hn on W .
In (C,distchord), a shortest possible path between two points w and z is a great-circle
arc; it is unique unless w and z are antipodal. We denote the arc-length of this arc by
distarc(w, z), and this gives us a metric space, (C,distarc), which is the sphere with the
usual Riemannian metric of constant curvature.
The identity map on C induces a bi-Lipschitz map between (C,distchord) and
(C,distarc), so we can calculate dimHM ′ using (C,distarc) as the ambient metric space.
For any h ∈ Aut(C), we define its local dilatation to be the map h′ :C→ R such that
h′(z)= lim supw→z distarc(h(w),h(z))distarc(w,z) . If h=±
(
a b
c d
)
(with ad− bc= 1), then, for all z ∈C,
h′(z)= lim
w→z
distarc(h(w),h(z))
distarc(w, z)
= |z|
2 + 1
|az+ b|2 + |cz+ d|2 ;
also, (η · h)′(z)= h′(z).
Notice that, for all m 1,
h′2m(z) =
|z|2 + 1
|mωz− 1|2 + |z|2 =
|z|2 + 1
|mz+ ρ|2 + |z|2 ,
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h′2m+1(z) =
|z|2 + 1
|(m+ ρ)z+ ρ|2 + |ωz|2 =
|z|2 + 1
|(m+ ρ)z+ ρ|2 + |z|2 .
3.2. Lemma. Suppose h ∈Aut(C), and c, d are positive real numbers.
(i) If Z is a geodesically connected subset of (C,distarc), and h′(z) d for all z ∈Z, then
distarc(h(w),h(z)) d · distarc(w, z) for all w, z ∈Z.
(ii) If c h′(z) for all z ∈C, then c · distarc(w, z) distarc(h(w),h(z)) for all w,z ∈C.
Proof. (i) Let w, z ∈Z, and let A be a great-circle arc lying in Z with endpoints w and z.
Then h(A) is an arc with endpoints h(w) and h(z), so distarc(h(w),h(z)) is at most the
arc-length of h(A). Also, h′  d on A, so, by a standard result, the arc-length of h(A) is at
most d · distarc(w, z).
(ii) By the chain rule, (h−1)′(h(z)) = 1
h′(z) . Now we apply (i), replacing Z with C, h
with h−1, d with 1
c
, z with h(z), and w with h(w), and the result follows. ✷
3.3. Lemma. For all m 1, let
d2m = 2
m2 +m+ 2 , d2m+1 =
2
m2 + 2m+ 2 .
(i) For all w,z ∈W , and all n 2,
distarc
(
hn(w),hn(z)
)
 dn · distarc(w, z).
(ii) ∑n2 d1.55n < 1.
Proof. (i) Let S: = {z ∈ C | |z| = 1}, and let Z be the subset of C bounded by ωR, S
and ρR, and containing ω + ρ, as in Fig. 3. Notice that Z is geodesically connected in
(C,distarc).
For all n 2, define
An: =
{
z ∈C | h′n(z)= dn
}
.
It is straightforward to calculate that
A2 = 1+ (ω− 1)R,
and that this contains ω; A2 is depicted as a dashed line in Fig. 3. It follows that
A2∩Z = {ω,∞}. Since h′2 is continuous on C, we see that on each of the two components
of C−A2 the values of h′2 stay above or below d2 = 12 , so d2 is either the maximum value
or the minimum value of h′2 on Z. Also h′2(ρ)= 25 < 12 = d2, so d2 is the maximum value
of h′2 on Z.
If m 2, another calculation shows that
A2m = −2ρ
m− 1 +
√
m2 + 3
m− 1 S,
and that this contains ω. The point −2ρ
m−1 , depicted as a dot in Fig. 3, lies in the region
bounded by ω− ρ[0,∞], ω[0,1], −i[0,∞], depicted as dotted line segments in Fig. 3. It
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follows that Am ∩Z = {ω}. Also h′2m(∞)= 1m2+1 < 2m2+m+2 = d2m, so, as before, d2m is
the maximum value of h′2m on Z.
Yet another calculation shows that
A2m+1 = −2mρ − 2
m2 + 2 +
√
m4 + 2m3 + 6m2 + 8m+ 4
m2 + 2 S,
and that this contains ω. The point −2mρ−2
m2+2 , depicted as a dot in Fig. 3, lies in the region
bounded by the dotted line segments in Fig. 3. It follows that A2m+1 ∩ Z = {ω}. Also
h′2m+1(∞)= 1m2+m+1 < 2m2+2m+2 = d2m+1, so, as before, d2m+1 is the maximum value of
h′2m+2 on Z.
Thus, for all n  2, dn is the maximum value of h′n on Z. Since Z is geodesically
connected in (C,distarc) and contains W , the result follows by Lemma 3.2(i).
(ii) If s is a real number greater than 12 , then∑
n22
(
dn
2
)s
=
∑
m11
(
m2 +m+ 2)−s + (m2 + 2m+ 2)−s

∑
m11
(
m2 +m+ 1
4
)−s
+ (m2 + 2m+ 1)−s
=
∑
m11
(
m+ 1
2
)−2s
+ (m+ 1)−2s

∞∫
m=10
(
x + 1
2
)−2s
+ (x + 1)−2s dx
= 1
1− 2s
[(
x + 1
2
)1−2s
+ (x + 1)1−2s
]∞
x=10
= 1
2s − 1
((
21
2
)1−2s
+ 111−2s
)
.
Hence∑
n2
dsn = 2s
∑
m1
(
m2 +m+ 2)−s + (m2 + 2m+ 2)−s
 2s
10∑
m=1
(
m2 +m+ 2)−s + (m2 + 2m+ 2)−s
+ 2
s
2s − 1
((
21
2
)1−2s
+ 111−2s
)
.
It can be calculated that if s = 1.55, then the latter quantity is less than 0.9991. ✷
3.4. Theorem. The arc L has Hausdorff dimension at most 1.55, and hence the two-
dimensional Lebesgue measure of L is zero.
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Proof. Let s = 1.55. We have seen that it suffices to show that dimHM ′ < s in the metric
space (C,distarc).
Let δ > 0.
Choose an integer k > − log2( δdiam(W) ), where diam(W) denotes the diameter of the
metric space (W,distarc).
For each n 2, let dn be as in Lemma 3.3, so dn  12 .
Now M ′ ⊆⋃(n1,...,nk)∈Nk hn1 · · ·hnk (W). For each (n1, . . . , nk) ∈Nk ,
diam
(
hn1 · · ·hnk (W)
)
 dn1 · · ·dnk diam(W)
(
1
2
)k
diam(W) < δ,
so we have a δ-cover of M ′. Moreover∑
(n1,...,nk)∈Nk
(
diam(hn1 · · ·hnkW)
)s  ∑
(n1,...,nk)∈Nk
(
dn1 · · ·dnk diam(W)
)s
=
∑
(n1,...,nk)∈Nk
dsn1 · · ·dsnk
(
diam(W)
)s =
(∑
n∈N
dsn
)k(
diam(W)
)s
.
By Lemma 3.3(ii), the latter is at most (diam(W))s , and this is finite.
Hence s  dimHM ′ = dimHL. ✷
We next obtain a lower bound for dimHL.
3.5. Lemma. For all m 1, let
c2m = m
2 + 2−√(m2)(m2 + 4)
2
,
c2m+1 = m
2 +m+ 3−
√
(m2 +m+ 1)(m2 +m+ 5)
2
.
(i) For all w,z ∈W , and all n 2, distarc(hn(w),hn(z)) cn · distarc(w, z).
(ii) ∑21n=2 c1.15n > 1.
Proof. Let m 1.
If we view C− {∞} as R2, we find that the critical points of h′2m are
(mρ)
(
1
2
±
√
1
4
+ 1
m2
)
,
and, at these points, the value of h′2m is
m2 + 2±
√
(m2)(m2 + 4)
2
.
Since h′2m(∞)= 1m2+1 , we find that the minimum value of h′2m is c2m.
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Similarly, the critical points of h′2m+1 are
(mρ + 1)
(
1
2
±
√
1
4
+ 1
m2 +m+ 1
)
,
where h′2m+1 has values
m2 +m+ 3±√(m2 +m+ 1)(m2 +m+ 5)
2
.
Since h′2m+1(∞)= 1m2+m+2 , we deduce that the minimum value of h′2m+1 is c2m+1.(ii) This is a straightforward numerical calculation. ✷
3.6. Theorem. The Hausdorff dimension of the arc L is at least 1.15, and hence L is not
rectifiable.
Proof. Notice that {hn | 2  n  21} all act as contractions on the closed set W , by
Lemma 3.3(i).
Let M ′21 denote the set of points in M ′ corresponding to E〈〈hn | 2  n  21〉〉, so
M ′21 =
⋃21
n=2 hnM ′21, and the union is disjoint.
By Lemma 3.5 and [6, Proposition 9.7], s  dimH M ′21  dimH M ′ = dimHL. ✷
4. The Hausdorff dimension as critical exponent
In this section, we apply results of Beardon–Maskit and Bishop–Jones to describe the
Hausdorff dimension of L in terms of the critical exponent of a Poincaré series.
4.1. Definitions. We shall work in the quaternion model of hyperbolic three-space; see, for
example, [9, Section 4.6]. We write H3 to denote the disjoint union of hyperbolic three-
space H3, and its boundary, ∂H3. We identify
H 3 = {x + iy + j t | x, y, t ∈R, t  0} ∪ {∞}
in the quaternions with ∞ adjoined. Here H3 corresponds to the part where t > 0, and ∂H3
corresponds to C. The metric distH on H3 is given by
cosh distH(x1 + iy1 + j t1, x2 + iy2 + j t2)
= (x1 − x2)
2 + (y1 − y2)2 + t21 + t22
2t1t2
.
Recall that Aut(C) acts on H3, with η acting by η(x + iy + j t) = x − iy + j t , and
h = ±
(
a b
c d
)
acting by h(p) = (ap + b)(cp + d)−1, where these arithmetic operations
take place in the quaternions with ∞ adjoined; recall that ad − bc= 1. Then Aut(C) acts
on H3 as the group of isometries, and acts on ∂H3 =C in the standard way.
Thus 〈〈f,g〉〉 acts on H3 as a discrete semigroup of isometries, and the action on H3 is
given by
g(p)= p(1−ωp)−1, f (p)= ωη(p)ω−ω2.
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Let B be any infinite discrete subset of H3. If we enumerate the elements of B , we can
think of B as a sequence. We define the Poincaré series of B as
FB(s): =
∑
p∈B
e−s·distH(j,p).
The critical exponent of B is defined as
inf
{
s > 0 | FB(s) converges
}
.
By a limit point of B we mean an accumulation point of B in H3. Since B is a discrete
subset of H3, the limit points of B lie in ∂H3. A limit point z of B is said to be conical if
the sequence(
distH
(
ray(j, z), b
) | b ∈ B)
does not diverge to ∞, or, equivalently, has a convergent subsequence; here ray(j, z)
denotes the geodesic ray in H3 which starts at j and has limiting end point z.
If G is a discrete set of isometries of H3, the critical exponent of G is defined as the
critical exponent of the set G(j)= {g(j) | g ∈G}, and similarly for limit points of G, and
conical limit points of G.
The choice of j is arbitrary in each instance, and choosing different points of H3 does
not change the resulting concepts.
In [3, Section 2], a succinct, self-contained proof of the following result is given,
although the result itself is not stated.
4.2. Bishop–Jones Theorem. If G is a subsemigroup of a discrete group of isometries of
H3, andG does not have a global fixed point in ∂H 3, then the critical exponent ofG equals
the Hausdorff dimension of the set of conical limit points of G.
Since the arc L is a non-empty, closed subset of C invariant under the action of 〈〈f,g〉〉,
we see that L is the set of limit points of 〈〈f,g〉〉. We now proceed to show that the set of
conical limit points of 〈〈f,g〉〉 is L′.
Recall the following result from [2], where geometrically finite means having some
fundamental domain whose closure in H3 is a polyhedron with finitely many faces.
4.3. Beardon–Maskit Theorem. If G is a geometrically finite, discrete group of isometries
of H3, then the non-conical limit points of G are precisely the fixed points of the parabolic
elements of G.
4.4. Corollary. Each cusp of L is a non-conical limit point of 〈〈f,g〉〉.
Proof. Let G be the group of isometries of H3 generated by 〈〈f,g〉〉. Each cusp of L is the
fixed point of a parabolic element of G, namely a conjugate of f or g. Now g = caf 2, so,
by [1, Section 11.1], H3/G is the Gieseking manifold, and thus G is geometrically finite
and discrete. Hence the result follows from the Beardon–Maskit Theorem; in fact, all we
use here is [2, Proposition 3]. ✷
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Fig. 4. The region Y .
We now want to show that every point of L′ is a conical limit point of 〈〈f,g〉〉.
4.5. Definitions. Set g1 = g, g2 = fg, g3 = ff , so
g1 =±
(
1 0
−ω 1
)
, g2 =±
(−ρ ω
ω ρ
)
· η and g3 =±
(
1 ω
0 1
)
.
For all z ∈C,
g1(z)= z−ωz+ 1 , g2(z)=
ωη(z)+ 1
η(z)−ω and g3(z)= z+ω.
In E〈〈g1, g2, g3〉〉, if, for all w ∈ 〈〈g1, g2, g3〉〉 we identify wg2g∞3 with wg3g∞1 and
wg1g
∞
3 with wg2g
∞
1 , then we get a set in bijective correspondence with L. In fact, L
is then a quotient space of E〈〈g1, g2, g3〉〉.
Notice that the parabolic points L correspond to ends which have a tail of the form g∞1
or g∞3 .
Let Y denote the completed upper half plane, so Y is the subset of C consisting of R
and all complex numbers with positive imaginary part. Then 〈〈g1, g2, g3〉〉 acts on Y ; see
Fig. 4.
Let X denote the closed region in Y bounded by ω[0,∞], ρ + ω[0,∞], and ρ[0,1].
Then 〈〈f,g〉〉 acts on X; see Fig. 5.
4.6. Lemma. Let z ∈L′, and let z′ = − 1
η(z)
, the antipodal point.
(i) There is a unique
e= gi1gi2gi3 · · · ∈ E〈〈g1, g2, g3〉〉
such that (en(∞) | n 1) converges to z, where, for each n 1, in ∈ {1,2,3}, and
en = gi1gi2gi3 · · ·gin ∈ 〈〈g1, g2, g3〉〉.
(ii) (in | n 1) does not converge to 1 or 3.
(iii) (en(Y ) | n  1) is a descending chain under inclusion, and the intersection is {z},
and similarly for (en(X) | n 1).
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Fig. 5. The region X.
(iv) The set S of accumulation points of (e−1n (z′) | n  1) lies entirely in the completed
lower half-plane, η(Y ).
(v) If S contains 0, then S contains −ω, which does not lie in X.
(vi) If S contains ∞, then S contains −ρ, which does not lie in X.
(vii) S does not lie entirely in X.
(viii) z is a conical limit point of 〈〈f,g〉〉.
Proof. (i) and (ii) were observed in Definitions 4.5, and (iii) is proved in [1, Section 8.5].
(iv) By (iii), there existsm ∈N such that, for all nm, z′ /∈ en(Y ). Hence, for all nm,
e−1n (z′) /∈ Y . It follows that S does not meet the interior of Y , the upper half plane, so S lies
in η(Y ).
(v) Suppose 0 ∈ S, so there is an infinite subset N1 of N such that(
e−1n (z′) | n ∈N1
)
converges to 0.
By (ii), for each n ∈N, there is a unique n′ ∈N such that n′ > n, in′ = 1 (or, equivalently,
in′ ∈ {2,3}), and in+1 = · · · = in′−1 = 1.
We claim that (gn−n
′
1 (e
−1
n (z
′)) | n ∈N1) has a subsequence which converges to 0.
If there is some m 0, and some infinite subset N2 of N1, such that n′ − n=m for all
n ∈N2, then(
gn−n
′
1
(
e−1n (z′)
) | n ∈N2)= (g−m1 (e−1n (z′)) | n ∈N2),
and this converges to 0, since g−m1 is continuous at 0 and fixes 0.
This leaves the case where (n′ − n | n ∈N1) diverges to ∞, so(
gn−n
′
1
(
e−1n (z′)
) | n ∈N1)
meets g−m1 (η(Y )) for each m  0. Since g1 acts on Y , g
−1
1 acts on the complement
of Y , and hence on its closure η(Y ). Since g−11 is parabolic, with fixed point 0, we see
that
⋂
m0 g
−m
1 (η(Y ))= {0}. It follows that (gn−n
′
1 (e
−1
n (z
′)) | n ∈ N1) has a subsequence
which converges to 0.
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In summary, there exists an infinite subset N2 of N1 such that(
gn−n
′
1
(
e−1n (z′)
) | n ∈N2)
converges to 0.
Now (e−1
n′ (z
′)) | n ∈N2)= g−1in′ g
n−n′
1 (e
−1
n (z
′)) | n ∈N1), and this converges to −ω since
g2(−ω)= g3(−ω)= 0 and in′ ∈ {2,3} for all n ∈N2. Thus −ω ∈ S.
(vi) This can be proved in the same way as (v), since g1(−ρ)= g2(−ρ)=∞.
(vii) By (iv) and (v) we may assume that S does not contain 0 or ∞. By (iv), S lies in
η(Y ) and this meets X in {0,∞}. Thus S lies in the complement of X. Since C is compact,
S is non-empty, so S does not lie entirely in X.
(viii) By (vii), S contains an element w which does not lie in X.
Let ε = 12 distchord(w,X), so ε > 0. There is an infinite subset N1 of N such that
distchord(w, e−1n (z′)) < ε for all n ∈N1, so distchord(e−1n (z′),X) > ε for all n ∈N1. By (iii),
z ∈ en(X) for all n ∈N, so e−1n (z) ∈X for all n ∈N, and distchord(e−1n (z′), e−1n (z)) > ε for
all n ∈N1.
We now argue as in [2].
Let σ denote the geodesic line in H3 with limiting endpoints z and z′, so j ∈ σ . It
follows that there exists a compact subset K of H 3 such that, for every n ∈ N1, e−1n (σ )
meets K . Hence (distH(j, e−1n (σ )) | n ∈N1) is bounded above. Hence(
distH
(
en(j), σ
) | n ∈N1)
is bounded above. Hence(
distH
(
en(j), ray(j, z)
) | n ∈N1)
is bounded above. Hence(
distH
(
h(j), ray(j, z)
) | h ∈ 〈〈f,g〉〉)
does not diverge to ∞. Thus z is a conical limit point of 〈〈f,g〉〉. ✷
Thus we have proved the following.
4.7. Theorem. The Hausdorff dimension of the arc L equals the critical exponent
of 〈〈f,g〉〉.
4.8. Remarks. Let B = 〈〈f,g〉〉(j), a discrete subset of H3, let s be a positive real number,
and let F(s) =∑p∈B e−s·distH(j,p) be the Poincaré series of B . The critical exponent of
F(s) is then the Hausdorff dimension of the arc L.
Let x = x(s)= e−s , so x ∈ (0,1). For each n 0 let
an =
∣∣{p ∈B | n− 1 < distH(j,p) n}∣∣= ∣∣{p ∈B | xn−1 > xdistH(j,p)  xn}∣∣.
Thus
x−1
∞∑
n=0
anx
n  F(s)
∞∑
n=0
anx
n.
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Hence F(s) converges if and only if
∑∞
n=0 anxn converges. By a classical theorem of
Hadamard, the latter series has radius of convergence
R = lim inf 1
n
√
an
,
so
lim inf
an
an+1
R  lim sup an
an+1
.
Hence
∑∞
n=0 anxn converges (respectively diverges) if x is less than (respectively greater
than) R, or equivalently, s =− logx is greater than (respectively less than)
− logR = lim sup logan
n
.
Thus the critical exponent of the Poincaré series F(s) is lim sup logan
n
, and this lies between
lim inf log an+1
an
and lim sup log an+1
an
. Thus
lim inf log
an+1
an
 dimH L lim sup log
an+1
an
.
5. A computer experiment
5.1. Definitions. There is a standard embedding of our model of H3 in R4 via
x + yi + tj →
(
x
t
,
y
t
,
x2 + y2 + t2 − 1
2t
,
x2 + y2 + t2 + 1
2t
)
.
The image of H3 is called the hyperboloid model of H3; see, for example, [9, Section 3.1].
It is precisely the graph of
(x1, x2, x3) →
√
x21 + x22 + x23 + 1.
Here j corresponds to (0,0,0,1).
Each isometry of H3 acts on the hyperboloid model, and extends uniquely to anR-linear
automorphism of R4. This allows us to identify Aut(C) with the positive Lorentz subgroup
PO(3,1) of GL4(R); recall that PO(3,1) consists of the elements of GL4(R) which fix
−x21 − x22 − x23 + x24 in the natural action on R[x1, x2, x3, x4], and preserve the sign of x4.
Here
cosh distH(v,w)=−v1w1 − v2w2 − v3w3 + v4w4.
It is straightforward to calculate that 〈〈f,g〉〉 then acts on R4 by
g(x1, x2, x3, x4) = 12
(
2x1 + x3 + x4,2x2 +
√
3x3 +
√
3x4,
−x1 −
√
3x2 + x3 − x4, x1 +
√
3x2 + x3 + 3x4
)
,
f (x1, x2, x3, x4) = 12
(−x1 −√3x2 − x3 + x4,−√3x1 + x2 −√3x3 +√3x4,
−2x1 + x3 + x4,−2x1 − x3 + 3x4
)
.
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Now consider the element τ of GL4(R) which acts on R4 by
τ (x1, x2, x3, x4) = 12
(−x1 + x2,√3x1 +√3x2,
−x2 − x3 + x4, x2 + x3 + x4
)
.
Again, it is straightforward to show that
gτ(x1, x2, x3, x4) = τ (x1, x2 + x4, x1 + 2x2 + x3, x4),
f τ(x1, x2, x3, x4) = τ (x1 + x2, x3, x2, x1 + x3 + x4).
Thus 〈〈f,g〉〉τ acts on N4 and on τ−1(H3). For any v,w ∈ τ−1(H3),
2 cosh distH(τv, τw) = −2v1w1 − v2w1 − v1w2 − 2v2w2 + v2w4
+ v3w4 + v4w2 + v4w3.
For w= τ−1j = (0,0,1,1), we see that
2 cosh distH(τv, j)= v2 + v3 + v4.
One interesting consequence is that we can now see easily that, for any h ∈ 〈〈f,g〉〉,
f h(j) and gh(j) are both further from j than h(j) is.
5.2. Calculations. For each n ∈ Z, let bn denote the number of elements of 〈〈f,g〉〉(j) at
(hyperbolic) distance at most n from j , so an = bn − bn−1. Recall that
lim inf log
an+1
an
 dimH L lim sup log
an+1
an
,
so if (log an+1
an
| n 0) converges, the limit is dimHL.
Using the model of H3 of Definitions 5.1, we can view 〈〈f,g〉〉(j) as a tree in N4 with
base vertex (0,0,1,1), where the descendents of a vertex (a, b, c, d) are
(a, b+ d, a + 2b+ c, d), (a + b, c, b, a+ c+ d).
For any n  0, bn is the number of points (a, b, c, d) in this tree such that b + c + d 
2 cosh(n), or equivalently b + c + d  [2 cosh(n)]. Thus all the calculations are with
integers. We can recursively calculate the number of points of the tree below each vertex
that lie in the hyperbolic ball of radius n, starting at the periphery and preceding inwards.
The combined programming efforts of Joan Carles Artés, José Burillo, Alan Dicks and Phil
Taylor produced bn for n 20, giving
(an | n 0) = (1, 3, 7, 27, 115, 373, 1420, 5165, 18771, 69274,
253179, 923563, 3386294, 12382664, 45309886,
165796662, 606564503, 2219213337, 8119044956,
29705253575, 108684909110, . . .).(
log
an+1
an
∣∣∣ n 0) = (1.09861, 0.84730, 1.34993, 1.44910, 1.17665,
1.33683, 1.29125, 1.29041, 1.30576, 1.29603,
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1.29414, 1.29925, 1.29656, 1.29723, 1.29724,
1.29705, 1.29710, 1.29706, 1.29711, 1.29713, . . .).
Now dimHL lies between the lim inf and the lim sup of the latter sequence. On the basis
of the numerical evidence, it is reasonable to conjecture that this sequence converges, and
that the limit is of the form 1.2971 . . .; this limit would then be dimHL.
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